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Abstract Graphene and phosphorene are monolayer of graphite and phosphorous, respectively.
Graphene is completely relativistic (Dirac) fermionic system, but phosphorene is pseudorela-
tivistic fermionic system. In phosphorene, electronic spectrum of phosphorene has a Dirac like
(linear) band in one direction and Schro¨dinger like (parabolic) band in other direction. Conven-
tional Rabi oscillations are studied by using rotating wave approximation in resonance case. The
Floquet theory is an alternative way of study Rabi oscillations in off-resonance case and dominat-
ing in case of low energy physics. In this article, the nonlinear optical response of graphene and
phosphorene studied under intense applied quantized electromagnetic field via Floquet theory.
The Bloch-Siegert shift is observed for graphene and phosphorene. A numerical model is applied
for justifying the role of anisotropy in phosphorene. Therefore, the Floquet theory can be utilized
to characterize the different fermionic systems.
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1 Introduction
The rise of many two-dimensional materials like graphene, phosphorene, silicene, etc. become
a matter of curiosity for the entire field of photonics and opto-electronics [1]. There are many
crucial and significant physical properties in graphene due to its unique electronic spectrum of
massless Dirac like particles [2, 3]. But graphene is a zero-gap semiconductor, so it has very
limited applications in electronic devices without significant strain-engineering [4] or physical
modification in the morphology [5]. The monolayer of black phosphorous (BP), is known as
phosphorene (2D allotrope of phosphorous) [6]. There is highly anisotropic nature in phosphorene.
Its band structure is quite different than other 2D materials, electronic spectrum of phosphorene
has a Dirac like (linear) band in one direction and Schro¨dinger like (parabolic) band in other
direction [7]. Phosphorene possess a finite band gap in its electronic spectrum [8] in contrast
to graphene. Phosphorene becomes a direct band gap semiconductor [8] in presence of visible
region of electromagnetic spectrum. So it will be highly useful in electronic devices operating
in the visible region of the electromagnetic spectra like LEDs and solar cells [9]. Due to very
high hole mobility, phosphorene can be utilized in P-type device materials [6]. The advantage
of phosphorene in compare of graphene, is the presence of tunable direct band gap, so there is
tuning of nonlinear optical response of phosphorene by applying an external field [10]. There
are many specific properties in phosphorene like electrical, thermal and optical anisotropy, can
be utilised in device fabrication such as transparent saturable absorbers, fast photo-conductive
switch and low noise photodetectors [11].
Optical properties studied in the context of graphene are, optical conductivity, optical Stark
effect and Rabi oscillations [12–14]. Many experiments have been performed to study optical
properties, such as optical Stark effect [13], optical conductivity, Rabi oscillations [13–17], uni-
versal optical conductance [18–20], measurement of fine structure constant [21], four wave mix-
ing [13] and incoherent optical properties like optical dephasing [17], relaxation of charge carriers,
both inter-band and intra-band in graphene and graphene based systems on various substrate
has been reported experimentally by pump-probe technique [22–27]. There is presence of tunable
band gap in electronic spectrum of BP, so electronic and optical properties of BP can be changed
drastically [28]. There are many unique optical properties in the monolayer of BP [29] such as
a large third-order nonlinear optical susceptibility of about 10−19m2/V2, and the measured fast
relaxation time is 0.13ps [28,30,31]. By controlling size of BP, its nonlinear optical response can
be adjusted and a new way to develop electronic and optoelectronic devices [32, 33] produced.
Therefore, the optical properties (linear and nonlinear) of BP and graphene becomes a matter
of curiosity for materials scientists and gives motivation to research in the field of phosphorene
nonlinear optics.
If there is a cyclic change of energy between a two-level quantum system and deriving field,
some oscillations produced, known as Rabi oscillations [34]. There is a lot of study has been
performed on Rabi oscillations in conventional semiconductors by using rotating wave approxi-
mation (RWA) [35, 36] and RWA is valid only in case of resonance. In off resonance case, there
is a new type of oscillation found by application of Floquet theory [37–41]. An off resonant light
frequency applied for any electron transition in Floquet theory. Therefore, there is no directly
excitement of electrons from light but effectively modifies the electronic band structures via vir-
tual photon absorption processes [42]. So Floquet theory becomes an alternative of RWA in the
off-resonance case and recently applied in Dirac fermionic systems [37–41]. The Floquet theory
has been studied with the name of asymptotic rotating wave approximation (ARWA) by Enam
et al. [43]. From fig. (1) of Enam et al. [43], it can be explicitly seen that, the Floquet theory
dominates in case of low energy physics.
There is shift in resonance condition of RWA, know as Bloch-Siegert shift (BSS) [44], comes
due to considering counter-rotating term. Such shift is very important for characterizing the
amplitude, homogeneity of the proton-decoupling field and monitoring the probe performance
[45]. It is also found in a strongly driven classical two-level systems by Beijersbergen et al. [46].
In graphene, BSS becomes important in case of the next nearest neighbour hopping or inclusion
of Rashba spin-orbit interaction [47]. The BSS in phosphorene comes due to puckered crystal
structure [48,49]. BSS has been well studied in presence of classical [44,50] and quantized fields
[51–53]. So motivation of this work to study BSS in phosphorene and graphene, when external
field is considered in quantized form.
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When, there is interaction between an isolated two-level atom and a single mode quantized
electromagnetic field in a lossless cavity, Jaynes-Cummings model [54–56] comes in picture for
explanation of such phenomenon. Jaynes-Cummings model is exactly soluble in the rotating wave
approximation. Jaynes-Cummings model has already been used for explaining collapse-revival
phenomena [57–59]. The periodic recurrence of the quantum wave function from its original
form during the time evolution is known as collapse-revival, it has already been predicted by
theoretical [60] and experimental [58] manners. The oscillations of collapse-revival, decays rapidly
at short times, but periodically regenerates to large amplitudes on a longer time scale [61,62].
In this article, the bands of phosphorene has been tuned via application of Floquet theory.
There is presence of anisotropy in phosphorene bands, so the role of anisotropy is described in var-
ious phenomenon like Bloch-Siegert shift, collapse-revival spectra and Floquet oscillations. There
is also numerical justification of anisotropy in Floquet theory. Therefore, intrinsic anisotropy of
phosphorene has major physical significance and becomes important in modern physics. The
results of phosphorene compared with graphene wherever required.
2 Collapse-Revival Spectra of Phosphorene and Graphene
The low energy Hamiltonian of phosphorene is H =
(
up2y +m
)
σx + vF pxσy [7]. Here σ is the
Pauli matrices, vF is fermi velocity, u is effective mass, m is the gap acting as the Dirac mass,
px, py is the x and y components of momentum. The low energy Hamiltonian of phosphorene in
presence of vector potential A(t) in second quantized form is
H = c†A
[(
up2y +m
)− ivF px] cB + c†B [(up2y +m)+ ivF px] cA + e−iωt [c†A {(−i2upy2vF λb
)
+
i
2
λb
}
cB
+ c†B
{(
−i2upy
2vF
λb
)
− i
2
λb
}
cA
]
+ eiωt
[
c†A
{
i
(
2upy
2vF
λb†
)
+
i
2
λb†
}
cB
+ c†B
{(
i
2upy
2vF
λb†
)
− i
2
λb†
}
cA
]
(1)
Here A,B represents either spin up or spin down and c (c†) for the annihilation (creation)
operator. The vector is considered as A(t) = Re(A0e
−iωt) i.e. for circular polarization. The
Floquet oscillations are present in only case of circular polarization [63]. The coupling constant λ
is defined as − evc A0 = λb, [b, b†] = 1 are the photon operators. The Hamiltonian model (eq.(1))
becomes analogous to Jaynes-Cummings model by using identifications σ+ = σx + iσy = c
†
BcA,
σ− = σx− iσy = c†AcB and σz = (c†AcA− c†BcB). There is unitary transformation on the photons
i.e. replace b with beiωt. For making above model (eq.(1)) simpler, there is consideration of one
electron hoping. Therefore, the transition states has form 〈0, 1, n+ 1|φ(t)〉 and 〈1, 0, n+ 1|φ(t)〉,
with non-zero amplitudes. n is number of the photon, which is very large, so it can be considered
n ≈ n + 1. Therefore, the energy-eigenvalue equation i~ ∂∂t |φ(t)〉 = H|φ(t)〉 of phosphorene in
matrix form (setting ~ = 1)
i~
∂
∂t
[〈0, 1, n+ 1|φ〉
〈1, 0, n+ 1|φ〉
]
=
[
0
[{
up2y +m
}
+ ivF px
][{
up2y +m
}− ivF px] 0
] [〈0, 1, n+ 1|φ〉
〈1, 0, n+ 1|φ〉
]
+e−iωt
 0 [{−i 2upy2vF λ }− i2λ] √n+ 1[{
−i 2upy2vF λ
}
+ i2λ
] √
n+ 1 0
[〈0, 1, n+ 1|φ〉〈1, 0, n+ 1|φ〉
]
+eiωt
 0 [{i 2upy2vF λ }− i2λ] √n+ 1[{
i
2upy
2vF
λ
}
+ i2λ
] √
n+ 1 0
[〈0, 1, n+ 1|φ〉〈1, 0, n+ 1|φ〉
]
(2)
Similarly, the low energy Hamiltonian of graphene H = vF (σxpx + σypy) [3] in the presence of
vector potential A(t) in second quantized form
H = c†A vF (px − ipy) cB + c†B vF (px + ipy) cA + λ c†BcA b eiωt + λ c†AcB b† e−iωt. (3)
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Therefore, matrix form of the energy-eigenvalue equation i~ ∂∂t |φ(t)〉 = H|φ(t)〉 of graphene (set-
ting ~ = 1)
i
∂
∂t
[ 〈0, 1, n+ 1 |φ(t)〉
〈1, 0, n+ 1 |φ(t)〉
]
=
[
0 vF (px + ipy)
vF (px − ipy) 0
] [ 〈0, 1, n+ 1 |φ(t)〉
〈1, 0, n+ 1 |φ(t)〉
]
+e−iωt
[
0 0
λ
√
n+ 1 0
] [ 〈0, 1, n+ 1 |φ(t)〉
〈1, 0, n+ 1 |φ(t)〉
]
+eiωt
[
0 λ
√
n+ 1
0 0
] [ 〈0, 1, n+ 1 |φ(t)〉
〈1, 0, n+ 1 |φ(t)〉
]
. (4)
2.1 Rotating wave approximation (RWA)
2.1.1 Phosphorene
With help well known RWA [13], the eq.(2) can be solved. In such approximation, the rapidly
oscillating terms of the effective Hamiltonian are neglected. First, the first matrix of eq.(2) is
diagonalize by using unitary transformation[〈0, 1, n+ 1|φ〉
〈1, 0, n+ 1|φ〉
]
=
(
−up
2
y+m+ipxvF
β
up2y+m+ipxvF
β
1 1
)[ 〈0, 1, n+ 1|φ〉1
〈1, 0, n+ 1|φ1〉1
]
(5)
Here, β =
√(
up2y +m
)2
+ p2xv
2
F . Using above transformation, eq.(2) becomes
i~
∂
∂t
[ 〈0, 1, n+ 1|φ〉1
〈1, 0, n+ 1|φ1〉1
]
=
(−β 0
0 β
)[ 〈0, 1, n+ 1|φ〉1
〈1, 0, n+ 1|φ1〉1
]
+ e−iωt
√
n+ 1 λ

[
pxv
2
F+2ipyu
(
up2y+m
)]
2vF β
i[m+py(py−2ipx)u]
2β
− i[m+py(py−2ipx)u]
2β
− i
[
2pyu
(
up2y+m
)
−ipxv2F
]
2vF β

[ 〈0, 1, n+ 1|φ〉1
〈1, 0, n+ 1|φ1〉1
]
+ eiωt
√
n+ 1 λ

[
pxv
2
F−2ipyu
(
up2y+m
)]
2vF β
i[m+py(2ipx+py)u])
2β
− i[m+py(2ipx+py)u]
2β
i
[
ipxv
2
F+2pyu
(
up2y+m
)]
2vF β
[ 〈0, 1, n+ 1|φ〉1〈1, 0, n+ 1|φ1〉1
]
(6)
Now again using new transformation 〈0, 1, n+ 1|φ〉1 = eitβ〈0, 1, n+ 1|φ〉2 and 〈1, 0, n+ 1|φ〉1 =
e−itβ〈1, 0, n+1|φ〉2 and leaving the counter-rotating term (rapidly varying term), the final equa-
tion of RWA has form
i
∂
∂t
〈0, 1, n+ 1|φ〉2 = i [m+ py(2ipx + py)u]
√
n+ 1 λ
2β
ei(ω−2β)t〈1, 0, n+ 1|φ1〉2 (7a)
i
∂
∂t
〈1, 0, n+ 1|φ1〉2 = i [m+ py(py − 2ipx)u]
√
n+ 1 λ
2β
e−i(ω−2β)t〈0, 1, n+ 1|φ〉2 (7b)
Applying initial condition 〈0, 1, n+ 1|φ〉2 = 0 and 〈1, 0, n+ 1|φ1〉2 = 1 and solving above eq.(7a)
and eq.(7b), the probability amplitude of wave-function 〈1, 0, n+ 1|φ1〉2 is
P2P−RWA(t) = |〈1, 0, n+ 1|φ1〉2|2 = cos2
(
t
2
ΩRWA−P(n)
)
. (8)
Where ΩRWA−P(n) =
√
∆2P + (n+ 1)λ
2γ is conventional Rabi frequency of phosphorene, ∆P =
(ω − 2β) is detuning parameter and γ = [(m+ p2u sin2 θ)2 + p4u2 sin2 2θ] /β2 by considering
momentum vector in polar form i.e. px = p cos θ, py = p sin θ and ~ = 1. In RWA, detuning ∆P
becomes zero. Taking initial conditions in quantized form i.e. values of the probability amplitudes
are 〈0, 1, n |φ(t)〉 = 〈n|α〉 and 〈1, 0, n |φ(t)〉 = 0, which gives
|〈0, 1, n |φ(t)〉|2 = |α|
2n
n!
e−|α|
2
. (9)
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(a) (b)
Fig. 1: (Color online) The Collapse and revival phenomenon of Rabi oscillations in phosphorene for different
value of wavevector angle (a) θ = pi
4
(b) θ = 0. The plot between the probability of state 〈0, 1, n + 1 |φ(t)〉 and
time. For plotting, we considered the mean number of photon 〈n〉 = 20, λ = 1, u = 1, m = 1, vF = 1 p = 1 and
ω = 1. Time is in the unit of λ−1.
Where α is a complex number and |α|2 = 〈n〉 is the mean number of photons in the cavity field.
The population P2(t) comes in form
P2P−RWA(t) =
∑
n
〈n〉n
n!
e−〈n〉 cos2
(
t
2
ΩRWA−P(n)
)
. (10)
The conventional Rabi frequency start to spread after coming Poisson distribution of the photon
number n in the picture. Due to Poisson distribution, there is dephasing in Rabi oscillations and
collapse after some time t. There is revival of the collapsed comes due to the phases of oscillation
of neighbouring terms in eq.(10) differ by the factor 2pi [64]. The collapse and revival in Rabi
oscillation can be explicitly seen by plotting P2P−RWA(t) with respect to time t [eq.(10)]. There-
fore, conventional Rabi frequency contains anisotropic nature, depicted in fig.(1). P2P−RWA(t
has different value of amplitudes for different value of wave-vector angle θ [fig.(1)]. The detailed
analysis about collapse and revival phenomenon can be seen in the book of Scully et al. [65], the
expression of collapse and revival time is derived as [63]
tcol(n¯) =
√
2Log(10)
n¯
n¯
ΩRWA(n¯)
, trev(n¯) =
2pin¯
ΩRWA(n¯)
. (11)
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(a) (b)
Fig. 2: (Color online) For Rabi oscillations of phosphorene (a) collapse time, when wave vector angle θ = pi
2
and
0. (b) revival time, when wave vector angle θ = pi
2
and 0. For plotting, we considered λ = 1 and ω = 1. Time is
considered in the unit of λ−1.
Therefore, in case of phosphorene final expression of of collapse and revival time for conventional
Rabi frequency is
tcol−RWA(n¯) =
√
2Log(10)
1
λ
√
γ
, trev−RWA(n¯) =
2pi
√
n¯
λ
√
γ
. (12)
The plot of collapse and revival time of phosphorene conventional Rabi frequency [eq.(12)] is
depicted in fig.(2). The tcol is not changing with the increasing number of photon[fig.2(a)], on
the other hand trev is changing in continuous way as number of photons increases [fig.2(b)]. But
tcol and trev possess an anisotropic nature in phosphorene.
2.1.2 Graphene
Doing similar analogy like earlier section (2.1.1), the final equation of RWA for graphene
i
∂
∂t
〈0, 1, n+ 1|φ〉2 = −
√
n+ 1 λ e−i∆GtvF (px − i py)
2vF
√
p2x + p
2
y
〈1, 0, n+ 1|φ1〉2 (13a)
i
∂
∂t
〈1, 0, n+ 1|φ1〉2 = −
√
n+ 1 λei∆Gt vF (px + ipy)
2vF
√
p2x + p
2
y
〈0, 1, n+ 1|φ〉2 (13b)
Here ∆G = ω− 2vF
√
p2x + p
2
y, which is detuning parameter in case of graphene. Applying initial
condition in quantized form [like earlier section (2.1.1)], the probability amplitude of wave-
function 〈1, 0, n+ 1|φ1〉2 is
P2G−RWA(t) =
∑
n
〈n〉n
n!
e−〈n〉 cos2
(
t
2
ΩRWA−G(n)
)
. (14)
Where ΩRWA−G(n) =
√
∆2G + (n+ 1)λ
2 is conventional Rabi frequency of graphene. ∆G is
detuning parameter, becomes zero in case of RWA. The expression of collapse and revival time [63]
for graphene is
tcolRWA(n¯) =
√
2Log(10)
n¯
n¯
λ
√
n¯+ 1
, trevRWA(n¯) =
2pin¯
λ
√
n¯+ 1
. (15)
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(a) (b)
Fig. 3: (Color online) The plot (a) showing isotropic nature of collapse-revival phenomenon in graphene and (b)
showing collapse and revival time nature for graphene. Both plot are taken in case of conventional Rabi frequency.
For plotting, we considered the mean number of photon 〈n〉 = 20, λ = 1 and vF = 1. Time is in the unit of λ−1.
The plot related with collapse-revival phenomenon [eq.(14)], collapse time tcol and revival time
trev [eq.(15)] is depicted in fig.(3) for graphene. It can be seen in fig.3(b) that trevRWA is not
varying with number of photon, on the other hand tcolRWA is changing drastically in case of
graphene.
2.2 Floquet theory approximation
2.2.1 Phosphorene
If the external driving frequency (ω) is nearly equal to the particle-hole pairs (2v|p|) frequencies
or resonant frequencies (ωR) of the system i.e. ω ≈ ωR and ω ≈ 2v|p|, energy eigenvalue equation
(Hψ = Eψ) are solved by using rotating wave approximation (RWA) [13], described in earlier
section(2.1). On the other hand, when ω is too large compare to the Rabi frequency ωR and
the resonant frequency of the creation particle-hole pairs i.e. 2v|p|, ω  ωR and ω  2v|p|
(off-resonant case), the Floquet approximation is applied to solve energy eigenvalue equation. In
Floquet theory, the Hamiltonian is decomposed in series harmonics i.e. H = H0 + e
−iωt V+ +
eiωt V−. Similarly, writing wave-function in series harmonics form ψ = ψ0 + e−iωt ψ+ + eiωt ψ−.
H0 and ψ0 related to slow parts, on the other hand V+, V− and ψ+, ψ− related to the (coefficients
of) fast parts of the full Hamiltonian and wave-function, respectively. By application of Floquet
theory conditions i.e. external driving frequency ω contains larger value than band gap. Putting
all these expression into energy eigenvalue equation Hψ = Eψ and leaving higher harmonics i.e.
order of 1ω2 . Eventually, writing Hamiltonian H in term of slow part only
Heff =
(
H0 +
1
ω
[V−, V+]
)
. (16)
The Floquet oscillations frequency is eigenvalues of Heff . Therefore, by comparison of eq.(2) with
H|φ(t)〉 = (H0 + e−iωt V+ + eiωt V−) |φ(t)〉, the value of H0, V+ and V− will found. Therefore,
Floquet energy eigenvalue equations i.e. i ∂∂t |φ(t)〉 = Heff |φ(t)〉 have form
i~
∂
∂t
〈0, 1, n+ 1|φ〉 =
 (n+1)(2pyu−vF )2λλ4v2F − (n+1)(2pyu+vF )2λλ4v2F
ω
 〈0, 1, n+ 1|φ〉
+
(
up2y +m+ ipxvF
) 〈1, 0, n+ 1|φ〉 (17a)
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i~
∂
∂t
〈1, 0, n+ 1|φ〉 =
 (n+1)(2pyu+vF )2λλ4v2F − (n+1)(2pyu−vF )2λλ4v2F
ω
 〈1, 0, n+ 1|φ〉
+
(
up2y +m− ipxvF
) 〈0, 1, n+ 1|φ〉 (17b)
Therefore, the value of probability of state 〈1, 0, n+ 1 |φ(t)〉 in polar coordinate is
P2P−Floq(t) = |〈1, 0, n+ 1 |φ(t)〉|2 =
[
v2Fω
2β2
v2Fω
2β2 + 4λ4(n+ 1)2p2u2 sin2 θ
]
sin2 [tΩFloq(n)] . (18)
Where, β =
√(
m+ p2u sin2 θ
)2
+ p2v2F cos
2 θ and Floquet frequency
ΩFloq−P(n) =
√
β2 +
4λ4(n+ 1)2p2u2 sin2 θ
v2Fω
2
. (19)
Choosing initial condition in quantized form like earlier section (2.1), the population P2(t) has
form
P2P−Floq(t) =
∑
n
〈n〉n
n!
e−〈n〉
[
v2Fω
2β2
v2Fω
2β2 + 4λ4(n+ 1)2p2u2 sin2 θ
]
sin2 [tΩFloq(n)] . (20)
(a) (b)
Fig. 4: (Color online) The Collapse and revival phenomenon of Floquet oscillations in phosphorene for different
value of wave vector angle (a) θ = pi
4
(b) θ = 0. The plot between the probability of state 〈0, 1, n+ 1 |φ(t)〉 and
time. For plotting, we considered the mean number of photon 〈n〉 = 20, λ = 1, u = 1, m = 1, vF = 1 p = 1 and
ω = 1. Time is in the unit of λ−1.
Therefore, fig.4(a) showing collapse revival phenomenon of Floquet oscillations in phosphorene,
when wave-vector angle θ = pi4 and collapse revival phenomenon vanished in fig.4(b), when wave-
vector angle θ = 0. Doing similar analogy like earlier section (2.1), the expression for tcol−Floq
and trev−Floq has form
tcol(n¯) =
√
2Log(10)
n¯
n¯
ΩFloq(n¯)
, trev(n¯) =
2pin¯
ΩFloq(n¯)
. (21)
The plot associated with Floquet frequency collapse and revival time [eq.(19)], given in fig.(5).
From fig.(5), it can be seen that tcol−Floq and trev−Floq has a crucial dependency on anisotropy.
For the different value of wave-vector angle θ, collapse and revival time of Floquet oscillations
have drastic changes.
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(a) (b)
Fig. 5: (Color online)For Floquet oscillations (a) collapse time, when wave vector angle θ = pi
2
and 0. (b) revival
time, when wave vector angle θ = pi
2
and 0. For plotting, we considered λ = 1 and ω = 1. Time is considered in
the unit of λ−1.
2.2.2 Graphene
Applying similar anology like earlier section (2.2.1), the graphene Floquet equations, i.e., i ∂∂t |φ(t)〉 =
Heff |φ(t)〉 have form
i~
∂
∂t
〈0, 1, n+ 1|φ〉 = (n+ 1)λ
2
ω
〈0, 1, n+ 1|φ〉+ vF (px + ipy)〈1, 0, n+ 1|φ〉 (22a)
i~
∂
∂t
〈1, 0, n+ 1|φ〉 = − (n+ 1)λ
2
ω
〈1, 0, n+ 1|φ〉+ vF (px − ipy)〈0, 1, n+ 1|φ〉 (22b)
Choosing initial condition in quantized form like earlier section (2.1), the population P2G−Floq(t)(=
|〈1, 0, n+ 1|φ〉|2) has polar form
P2G−Floq(t) =
∑
n
〈n〉n
n!
e−〈n〉
[
p2ω2v2F cos
2 [tΩFloq−G(n)] + λ4(n+ 1)2
p2ω2v2F + λ
4(n+ 1)2
]
. (23)
The Floquet frequency ΩFloq−G(n) for graphene is defined as
ΩFloq−G(n) =
√
p2v2F +
λ4(n+ 1)2
ω2
(24)
At Dirac point, the expression for tcolFloq and trevFloq is
tcolFloq(n¯) =
√
2Log(10)
n¯
ω
λ2
, trevFloq(n¯) =
2piω
λ2
. (25)
The plot related with collapse-revival phenomenon of Floquet frequency of graphene is depicted
in fig.6(a) and collapse-revival time in fig.6(b). Here trevFloq has constant nature but trevFloq is
varying with number of photon.
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(a) (b)
Fig. 6: (Color online) The plot (a) showing isotropic nature of collapse-revival phenomenon in graphene and
(b) showing collapse and revival time nature for graphene. Both plot are taken in case of Floquet frequency. For
plotting, we considered the mean number of photon 〈n〉 = 20, λ = 1, ω = 1 and vF = 1. Time is in the unit of
λ−1.
The plot showing anisotropic nature of Floquet frequency in phosphorene is depicted in fig.7(a)
and compare between Floquet frequency of phosphorene [eq.(19)] and graphene [eq.(24)] is de-
picted in fig.7(b). The value of Floquet frequency of phosphorene is much larger than graphene
at Dirac point (p=0), can be explicitly seen in fig.7(b). Such threshold value of Floquet frequency
comes due to the gap m acting as the Dirac mass.
(a) (b)
Fig. 7: (Colour Online) (a) Shows the Floquet frequency with respect to momentum in phos-
phorene for different values of wave vector angle θ, which shows the anisotropic behaviour. (b)
Comparison of Floquet frequency in phosphorene (θ = pi4 ) and graphene. For plotting, we have
taken λ = 0.1, ω = 1, n = 10 and vF = 1. All parameters are taken in the unit of ω
−1.
The valence-conduction band tuning of phosphorene via Floquet frequency, can be seen in fig.
(8). The band gap has been reduced, when external electromagnetic field has applied [fig.8(b)].
Therefore, the Floquet frequency is a good tool for band tuning of 2D materials.
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Fig. 8: (Color online) The 3D plot (a) is showing energy vs momentum diagram without detuning i.e. in the
absence of the external field (eigenvalues of H0). The 3D plot (b) is showing energy vs momentum, when detuning
of the external field comes in the picture (eigenvalues of Heff ). For plotting, we have taken λ = 1, vF = 1, u = 1,
m = 1, n = 10, and ω = 10 (parameters are plotted in unit of ω−1).
3 Quantum Bloch-Seigert shift
3.1 Phosphorene
By using RWA, the expression for conventional Rabi frequency ΩRWA(n) [from section (2.1.1)] is
ΩRWA−P(n) =
√
∆2p + (n+ 1)λ
2γ (26)
Where ∆p = (ω− 2β) is detuning parameter, β and γ by considering momentum vector in polar
form i.e. px = p cos θ, py = p sin θ and ~ = 1, is defined as
β =
√(
m+ p2u sin2 θ
)2
+ p2v2F cos
2 θ
γ =
[(
m+ p2u sin2 θ
)2
+ p4u2 sin2 2θ
]
(
m+ p2u sin2 θ
)2
+ p2v2F cos
2 θ
The condition in RWA, the external frequency should equal to the frequency of two-level systems.
Therefore, the counter-rotating terms are neglected [13]. But RWA becomes invalid in the strong
driving regimes, due to presence of counter-rotating terms. Therefore, a shift in conventional Rabi
frequency resonance condition comes, known as Bloch-Siegert shift (BSS) [44]. The expression of
the conventional Rabi frequency with BSS
ΩRWA−P−BSS(n) =
√(
∆− γλ
2(n+ 1)
8β
)2
+ λ2(n+ 1)γ −
(
γλ2(n+ 1)
8β
)2
(27)
The term γλ
2(n+1)
8β is shift in conventional Rabi frequency, called as BSS . BSS is depending on
the wave-vector angle θ, so its nature becomes anisotropic in phosphorene.
3.2 Graphene
Similarly, the expression for conventional Rabi frequency for graphene [from section (2.1.2)] is
ΩRWA−G(n) =
√
∆2G + (n+ 1)λ
2 (28)
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Here ∆G = ω − 2vF
√
p2x + p
2
y, which is detuning parameter in case of graphene. In presence of
BSS, the conventional Rabi frequency have form
ΩRWA−G−BSS =
√
(n+ 1)λ2 − (n+ 1)λ
2
64p2
+
(
∆− (n+ 1)λ
2
8p
)2
(29)
Therefore, isotropic nature of graphene conventional Rabi frequency BSS can be seen from above
expression eq.(29). The term (n+1)λ
2
8p is shift in conventional Rabi frequency, called as BSS in
graphene.
(a) (b)
Fig. 9: (Color online) Plot (a) BSS in phosphorene corresponds to θ = pi
2
. Plot (b) BSS in graphene, independent
on wave vector θ. CRR is abbreviation of counter rotating term. For plotting, we considered, λ = 1, u = 1, m = 1,
vF = 1 p = 1 n = 9 and ω = 10. Parameters are taken in unit of in the unit of λ
−1.
In case of zero photon limit, i.e., n = 0, in eq.(26) and eq.(27), the Rabi oscillation is found. Such
phenomenon is known as vacuum Rabi oscillation. The BSS in case of phosphorene is depicted in
the fig.9(a) and for graphene in the fig.9(b). So BSS contains anisotropic nature in phosphorene.
4 Anisotropy of Quantum Floquet Oscillations via Numerical Model in
Phosphorene
For explicitly justifying role of anisotropy in quantum Floquet oscillation of phosphorene, the
numerical solution of Floquet-Bloch equations have been described. From these equations, it can
be seen clearly that wave-vector angle θ plays a major role in quantum Floquet oscillation of
phosphorene. For phosphorene, the Floquet-Bloch equations are
i~
∂
∂t
〈0, 1, n+ 1|φ〉 = [{up2y +m}+ ivF px] 〈1, 0, n+ 1|φ〉+ e−iωt [{−i2upy2vF λ
}
− i
2
λ
] √
n+ 1
〈1, 0, n+ 1|φ〉+ eiωt
[{
i
2upy
2vF
λ
}
− i
2
λ
] √
n+ 1 〈1, 0, n+ 1|φ〉 (30a)
i~
∂
∂t
〈1, 0, n+ 1|φ〉 = [{(up2y)+m}− ivF px] 〈0, 1, n+ 1|φ〉+ e−iωt [{−i2upy2vF λ
}
+
i
2
λ
] √
n+ 1
〈0, 1, n+ 1|φ〉+ eiωt
[
i
{
2upy
2vF
λ
}
+
i
2
λ
] √
n+ 1 〈0, 1, n+ 1|φ〉 (30b)
Where we have taken n ≈ n+ 1 and λ = 1. By using NDSolve routine in Mathematica software
[66], the eq.(30a) and eq.(30b) solved numerically and shown in fig.(10). The time period belongs
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to Floquet frequencies is described in table (1), which is showing anisotropic nature and verifying
the time period of analytical Floquet frequency (eq.(19)). As we increase value of p, the time
period of Floquet oscillations decreasing continuously irrespective of the value of θ (table (1)).
Therefore, it can be said that, anisotropy is a crucial and significant parameter for Floquet
oscillations in phosphorene.
(a) (b)
(c) (d)
Fig. 10: (Color online) Time period (T) of oscillations in plot (a) corresponds to Floquet frequency with a period
of 312.6 (b) corresponds to Floquet frequency with a period of 236.77 (c) corresponds to Floquet frequency with
a period of 198.25 (d) corresponds to Floquet frequency with a period of 173.95. For plotting, we have taken
n = 99, p = 0.01, vF = 1, u = 1, m = .001, λ = 1 and ω = 100. Parameters are considered in the unit of λ
−1.
p T|θ=0 T|θ=pi/6 T|θ=pi/4 T|θ=pi/3
0.01 312.6 236.77 198.25 173.95
0.02 156.88 118.64 99.27 87.07
0.03 104.66 79.12 66.19 58.06
0.04 78.51 59.35 49.65 43.54
0.05 62.82 47.48 39.72 34.83
Table 1: Time period (T) of oscillations for various values of θ, confirming the anisotropic behaviour of Floquet
oscillations in phashphorene. T is in the units of λ−1.
5 Conclusions
We have described, how anisotropy is playing major role in Floquet theory and rotating wave
approximation in case of phosphorene. Floquet theory becomes important in case of low energy
physics, so in the low energy region, the band tuning of phosphorene can be done via Floquet
frequency. There is no role of anisotropy in case graphene. The results of Floquet frequency
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and Rabi frequency are compared between graphene and phosphorene, wherever required. But,
Floquet theory becomes more important in case of low energy physics. Therefore, Floquet theory
is an important tool for the study of the 2D materials.
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